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AN EXPLICIT JACOBIAN OF DIMENSION 3 WITH MAXIMAL GALOIS
ACTION
DAVID ZYWINA
Abstract. We gives an explicit genus 3 curve over Q such that the Galois action on the torsion
points of its Jacobian is a large as possible. That such curves exist is a consequence of a theorem
of D. Zureick-Brown and the author; however, those methods do not produce explicit examples.
We shall apply the general strategies of Hall and Serre in their open image theorems. We also
make use of Serre’s conjecture to show that the modulo ℓ Galois actions are irreducible. While we
computationally focus on a single curve, the methods of this paper can be applied to a large family
of genus 3 curves.
1. Introduction
Consider a principally polarized abelian variety A of dimension g ≥ 1 defined over Q. Fix an
algebraic closure Q of Q and define the absolute Galois group GQ := Gal(Q/Q). The Galois action
on the torsion points of A(Q) can be expressed in terms of a Galois representation
ρA : GQ → GSp2g(Ẑ),
see §2.2 for details.
In [ZBZ15], Zureick-Brown and the author prove that for each integer g ≥ 3, there is a princi-
pally polarized abelian variety A/Q (in fact the Jacobian of a trigonal curve) such that ρA(GQ) =
GSp2g(Ẑ). For such an abelian variety, the Galois group acts on the torsion points in the most gen-
eral way possible. Unfortunately, the methods of [ZBZ15] are not useful for constructing examples.
The goal of this paper is to give the first explicit A/Q for which the representation ρA is surjective,
i.e., the Galois group acts on the torsion points of A in the most general way possible.
When A/Q is an elliptic curve, the image of the representation ρA is an important ingredient
in several deep conjectures, for example the Lang-Trotter conjectures [LT76] and the Koblitz con-
jecture [Zyw11]. Our explicit example should be useful in providing numerical evidence for related
higher dimension conjectures.
1.1. The example. Let C be the subscheme of P2Q defined by the quartic equation
x3y − x2y2 + x2z2 + xy3 − xyz2 − xz3 − y4 + y3z − y2z2 − yz3 = 0.(1.1)
The curve C is smooth and hence has genus 3. Let J be the Jacobian of the curve C; it is a
principally polarized abelian variety of dimension 6 defined over Q. The Galois action on the
torsion points of J is as large as possible.
Theorem 1.1. With J/Q as above, we have ρJ(GQ) = GSp6(Ẑ).
Remark 1.2. Let A/Q be a principally polarized abelian variety of dimension g ≥ 1. In Proposi-
tion 2.5, we will show that if g ≤ 2 or if A is the Jacobian of a hyperelliptic curve, then ρA is not
surjective. This motivates why we have first considered the Jacobian of a smooth plane quartic.
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Though we focus only on a specific curve, the methods will also apply to a large class of smooth
plane quartics. Indeed, most of this paper can be viewed as describing how to make the criterion of
C. Hall in [Hal11] effective. The largest difference from [Hal11] is that we use Serre’s conjecture to
prove that the modulo ℓ representations are irreducible; this is motivated by the work of Dieulefait
[Die02] on abelian surfaces.
1.2. Overview. We now give a brief overview of the contents of this paper; none of the following
will be needed later on.
For each prime ℓ, let J [ℓ] be the ℓ-torsion subgroup of J(Q). The natural GQ-action on J [ℓ] can
be expressed by a representation
ρJ,ℓ : GQ → GSp6(Fℓ),
see §2.2 for details. The constraint on the image of ρJ,ℓ arises from the Weil pairing.
We will show (Proposition 2.1) that ρJ is surjective if and only if ρJ,ℓ is surjective for all primes
ℓ. So fix any odd prime ℓ (the prime ℓ = 2 can be dealt with separately).
We will see in §3 that the curve C, and hence also J , has good reduction at all primes away from
the set S := {7, 11, 83}. Therefore, ρJ,ℓ is unramified at all primes p /∈ S ∪ {ℓ}. The characteristic
polynomial det(TI − ρJ,ℓ(Frobp)) ∈ Fℓ[T ] is the reduction modulo ℓ of a computable polynomial
Pp(T ) ∈ Z[T ] that does not depend on ℓ.
For p ∈ S with p 6= ℓ, we will show in §4 that ρJ,ℓ(Ip) is a cyclic group of order ℓ, where Ip ⊆ GQ
is an inertia subgroup for p. We will prove this by using the Picard-Lefschetz formula along with
the fact that the only singularities for our model (1.1) modulo p are double ordinary points. If
p ∈ {7, 11}, then ρJ,ℓ(Ip) will be generated by a transvection (an element with determinant 1 that
fixes a codimension 1 subspace).
In §5, we shall give constraints on the semi-simplification of the representation ρJ,ℓ|Iℓ .
In §6, we will prove that the representation ρJ,ℓ is irreducible. The most involved case is when
the composition factor of J [ℓ] (as an Fℓ[GQ]-module) with smallest Fℓ-dimension has dimension 2;
for this, we make use of Serre’s conjecture.
In §7, we will prove that the representation ρJ,ℓ is primitive. More precisely, we show that there
are no non-zero subspaces W1, . . . ,Wr of J [ℓ] such that J [ℓ] = W1 ⊕ · · · ⊕Wr and such that the
GQ-action permutes the spaces W1, . . . ,Wr.
Knowing that ρJ,ℓ is irreducible and primitive, and that ρJ,ℓ(GQ) contains a transvection, we will
be able to deduce that ρJ,ℓ is surjective.
Remark 1.3. Instead of using Serre’s conjecture for irreducibility, one could use the explicit isogeny
theorem of Gaudron and Re´mond as done by Lombardo in [Lom15]. This gives an explicit ℓ0
such that ρJ,ℓ is irreducible for all ℓ ≥ ℓ0; unfortunately, ℓ0 will be too large to feasibly check the
irreducibility for primes ℓ < ℓ0. We finally remark that, independently, similar ideas as in this
paper have been recently used to show that ρA,ℓ is surjective for all ℓ > 2, where A is the Jacobian
of an explicit genus 3 hyperelliptic curve over Q, cf. [ALS15].
Acknowledgements. Thanks to Chris Hall and Ravi Ramakrishna for several helpful discussions.
The computations in this paper were performed using the Magma computer algebra system [BCP97].
2. Background and a surjectivity criterion
Let C be a smooth projective and geometrically integral curve defined over Q with genus g ≥ 1.
Let J be the Jacobian of the curve C; it is a principally polarized abelian variety of dimension g
defined over Q. In later sections, we will only consider the curve C/Q from §1.1.
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2.1. Symplectic group background. For a commutative ring R, let M be a finitely generated
free R-module equipped with a non-degenerate alternating bilinear form 〈 , 〉 : M ×M → R. We
define GSp(M) to be the group of A ∈ AutR(M) such that for some mult(A) ∈ R×, we have
〈Av,Aw〉 = mult(A)〈v,w〉 for all v,w ∈ M . The element mult(A) ∈ R× is called the multiplier of
A and gives rise to a homomorphism
mult : GSp(M)→ R×.
We call GSp(M) the group of symplectic similitudes.
The rank of M over R is an even number, say 2g. There is an R-isomorphism between M
and R2g such that the pairing on M agrees with the pairing 〈v,w〉 = vt · J · w on R2g, where
we are viewing v and w as column vectors and J is the 2g × 2g matrix
(
0 Ig
−Ig 0
)
. This gives an
isomorphism between GSp(M) and GSp2g(R) := GSp(R
2g). As before, we have a homomorphism
mult : GSp2g(R) → R× whose kernel, which we denote by Sp2g(R), is called the symplectic group.
Observe that GSp2g(R) = {A ∈ GL2g(R) : At · J · A = mult(A)J} and Sp2g(R) = {A ∈ GL2g(R) :
At · J ·A = J}.
Fix a field k and an algebraic closure k. Take any A ∈ GSp2g(k) and set γ := mult(A). Let
λ1, . . . , λ2g ∈ k be the roots of P (x) := det(xI − A) ∈ k[x]. After renumbering the λi, one may
assume that λ2i−1λ2i = γ for 1 ≤ i ≤ g, cf. [Cha97, Lemma 3.3]. From this, one can verify that
(2.1) x2gP (γ/x) = γgP (x).
2.2. Galois representations. For each integer n ≥ 1, let J [n] be the n-torsion subgroup of J(Q);
it is a Z/nZ-module of rank 2g. There is a natural action of the Galois group GQ on J [n] that
respects its group structure. The Weil pairing and the principal polarization of J give a non-
degenerate and alternating pairing
en : J [n]× J [n]→ µn,
where µn is the group of n-th roots of unity in Q.
Let χn : GQ → (Z/nZ)× be the modulo n cyclotomic character, i.e., σ(ζ) = ζχn(σ) for all σ ∈ GQ
and ζ ∈ µn. The pairing en satisfies
en(σ(v), σ(w)) = σ(en(v,w)) = en(v,w)
χn(σ)
for all v,w ∈ J [n] and σ ∈ GQ. The Galois action on J [n] can thus be expressed by a Galois
representation
ρJ,n : GQ → GSp(J [n], en) ∼= GSp2g(Z/nZ).
Note that mult ◦ρJ,n = χn. By combining over all n and choosing bases compatibly, we obtain a
single Galois representation
ρJ : GQ → GSp2g(Ẑ).
The character mult ◦ρA : GQ → Ẑ× is the cyclotomic character and is thus surjective.
The following proposition, which will be proved in §2.4, will let us restrict our attention to the
representations ρJ,ℓ.
Proposition 2.1. Let C/Q be a smooth projective and geometrically integral curve of genus g ≥ 3
and let J be its Jacobian. Then ρJ(GQ) = GSp2g(Ẑ) if and only if ρJ,ℓ(GQ) ⊇ Sp2g(Fℓ) for all
primes ℓ.
With the above proposition in mind, we now give a criteria for showing that a subgroup of
GSp2g(Fℓ) contains Sp2g(Fℓ). First we need to introduces a few definitions.
Fix a representation G → AutFℓ(V ), where V is a finite dimensional Fℓ-vector space. We say
that V is reducible (and irreducible otherwise) if there is a non-trivial proper subspace of V that
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is stable under the G-action. We say that V is imprimitive (and primitive otherwise) if there is an
integer r ≥ 2 and non-zero subspaces W1, . . . ,Wr of V such that V =W1⊕ · · · ⊕Wr and such that
{σ(W1), . . . , σ(Wr)} = {W1, . . . ,Wr} for all σ ∈ G.
For A ∈ AutFℓ(V ), let V A=1 be the subspace of V consisting of the vectors that are fixed by A.
We say that A is a transvection if V A=1 has codimension 1 in V and det(A) = 1.
Proposition 2.2. Fix an integer g ≥ 2 and an odd prime ℓ. Let G be a subgroup of GSp2g(Fℓ)
with its natural action on V = F2gℓ . Suppose that G contains a transvection and that the action of
G on V is irreducible and primitive. Then G ⊇ Sp2g(Fℓ).
Proof. Let R be the subgroup of G generated by transvections; it is a subgroup of G ∩ Sp2g(Fℓ).
We have R 6= 1 since G contains a transvection by assumption. The group R is normal in G since
the conjugate of a transvection is also a transvection.
Fix an irreducible R-submoduleW of V . Using that R is normal in G, one can verify that σ(W )
is an R-module for all σ ∈ G. Let H be the group consisting of σ ∈ G for which σ(W ) =W . Using
that V is an irreducible G-module, we find that that V =
∑
σ∈G/H σ(W ). Lemma 6 of [Hal11],
which uses parts of [Hal08], says that we in fact have a direct sum V = ⊕σ∈G/H σ(W ).
Therefore, V is the direct sum of the subspaces {σ(W ) : σ ∈ G/H} which are permuted by the
natural action of G. Since G acts primitively on V by assumption, we deduce that W = V , i.e., V
is an irreducible R-module.
The main theorem of Zalesski˘ı and Serezˇkin in [ZS76] shows that Sp2g(Fℓ) contains no proper
subgroups that act irreducibly on V and are generated by transvections. Therefore, R = Sp2g(Fℓ).
The lemma follows since R ⊆ G. 
2.3. Compatibility. Take any prime p for which C/Q, and hence also J/Q, has good reduction.
Let Cp and Jp be the reduction of C and J , respectively, modulo p. The abelian variety Jp/Fp
agrees with the Jacobian of Cp/Fp.
Take any prime ℓ 6= p. Let
ρJ,ℓ∞ : GQ → GSp2g(Zℓ)
be the Galois representation obtained by composing ρJ with the natural projection GSp2g(Ẑ) →
GSp2g(Zℓ); it can also be obtained by taking the inverse limit of the representations ρJ,ℓn . The
representation ρJ,ℓ∞ is unramified at p and we have
det(TI − ρJ,ℓ∞(Frobp)) = PJp(T ),
for some polynomial PJp(T ) ∈ Z[T ] that does not depend on the choice of ℓ. Here Frobp is an
(arithmetic) Frobenius automorphism of p.
Let πp : Jp → Jp be the Frobenius endomorphism of Jp/Fp. We may also characterize PJp(T ) as
the polynomial in Q[T ] for which PJp(n) is the degree of the isogeny n− πp for every integer n.
We can also describe the polynomial PJp(T ) in terms of the zeta function of Cp. Recall that the
zeta function of Cp/Fp is the formal power series
ZCp(T ) = exp
( ∞∑
m=1
|Cp(Fpm)| · Tm/m
)
.
From Weil, we know that ZCp(T ) = P
rev
Jp
(T )/
(
(1− T )(1 − pT )), where P revJp (T ) := T 2gPJp(1/T ).
We have mult ◦ρJ,ℓ(Frobp) = p, so from (2.1) we obtain the functional equation
(2.2) T 2gP (p/T ) = pgP (T ).
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2.4. Proof of Proposition 2.1. We first prove two group theoretic lemmas.
Lemma 2.3. Take any integers g ≥ 3 and n ≥ 2.
(i) The group Sp2g(Z/nZ) is perfect.
(ii) The only simple groups that are quotients of Sp2g(Z/nZ) are the groups Sp2g(Z/ℓZ)/{±I}
with ℓ|N .
Proof. Fix g ≥ 3. Part (i) follows by observing that Sp2g(Z) is its own commutator subgroup and
that the reduction modulo nmap Sp2g(Z)→ Sp2g(Z/nZ) is surjective for all n ≥ 2, cf. [BMS67, §12].
Here we need g ≥ 3 since Sp2g(Z) is not its own commutator subgroup when g is 1 or 2.
We now prove (ii). Using part (i), it suffices to show that Sp2g(Z/ℓZ)/{±I} is the only non-
abelian simple group occurring as a Jordan-Ho¨lder factor of Sp2g(Z/ℓ
eZ) for a fixed prime ℓ and
integer e ≥ 1. Note that the kernel of Sp2g(Z/ℓeZ)→ Sp2g(Z/ℓZ) is an ℓ-group and hence solvable,
so one may assume that e = 1. The group {±I} is abelian and Sp2g(Z/ℓZ)/{±I} is simple and non-
abelian. Here we need g ≥ 3 again, since Sp2g(Z/ℓZ) is solvable if (g, ℓ) ∈ {(1, 2), (1, 3), (2, 2)}). 
Lemma 2.4. Fix an integer g ≥ 3 and let H be a closed subgroup of Sp2g(Ẑ). Suppose that the
reduction modulo ℓ map H → Sp2g(Fℓ) is surjective for all primes ℓ. Then H = Sp2g(Ẑ).
Proof. For each integer n ≥ 2, let H(n) ⊆ Sp2g(Z/nZ) be the image of H under the reduction
modulo n map. We claim that H(n) = Sp2g(Z/nZ) for all n ≥ 2. The lemma will follow directly
from the claim since H is closed.
First suppose that n is a prime power, say n = ℓe for some prime ℓ and integer e ≥ 1. One can
show that there are no proper subgroups of Sp2g(Z/ℓ
eZ) whose image modulo ℓ is the full group
Sp2g(Z/ℓZ) (this for example follows from [Vas04, Theorem 2.2.5] with G = Sp2g and k = Fℓ).
Since H(ℓ) = Sp2g(Z/ℓZ) by hypothesis, we deduce that H(ℓ
e) = Sp2g(Z/ℓ
eZ). So the claim holds
when n is a prime power.
Now suppose that n ≥ 2 is not a prime power. By induction, we may assume that n = m1m2
with m1,m2 ≥ 2 relatively prime such that H(m1) = Sp2g(Z/m1Z) and H(m2) = Sp2g(Z/m2Z).
We can thus view H(m) as a subgroup of Sp2g(Z/m1Z)× Sp2g(Z/m1Z) that projects surjectively
on each of the two factors. If H(m) 6= Sp2g(Z/mZ), then Goursat’s lemma (cf. [Rib75, Lemma 3.2])
implies that Sp2g(Z/m1Z) and Sp2g(Z/m2Z) have a common simple group as a quotient; this is
impossible by Lemma 2.3(ii). Therefore, H(n) = Sp2g(Z/nZ). This completes our proof of the
claim. 
We now prove Proposition 2.1. First suppose that ρJ,ℓ(GQ) ⊇ Sp2g(Fℓ) for all primes ℓ. Let H
be the the commutator subgroup of ρJ(GQ), i.e., the maximal closed normal subgroup of ρJ(GQ)
with abelian quotient. Observe that H is a closed subgroup of Sp2g(Ẑ).
Take any prime ℓ. The image H(ℓ) ⊆ Sp2g(Fℓ) of H under the reduction modulo ℓ map is equal to
the commutator subgroup of ρJ,ℓ(GQ). We thus have H(ℓ) = Sp2g(Fℓ) since ρJ,ℓ(GQ) ⊇ Sp2g(Fℓ) by
assumption and since Sp2g(Fℓ) is perfect by Lemma 2.3. Lemma 2.4 now implies that H = Sp2g(Ẑ).
Since ρJ,ℓ(GQ) contains H = Sp2g(Ẑ) and mult(ρJ (GQ)) = Ẑ
× (see §2.2), we deduce that
ρJ,ℓ(GQ) = GSp2g(Ẑ) as desired. Finally, the other direction of Proposition 2.1 is easy.
2.5. Further remarks. We now explain the claims from Remark 1.2; we will not use this later
on.
Proposition 2.5. Let A/Q be a principally polarized abelian variety of dimension g ≥ 1. Suppose
that g ∈ {1, 2} or that A is the Jacobian of a hyperelliptic curve. Then ρA(GQ) 6= GSp2g(Ẑ).
5
Proof. Suppose that ρA(GQ) = GSp2g(Ẑ). Since mult ◦ρA : GQ → Ẑ× is the cyclotomic character,
we have ρA(GQcyc) = ρA(GQ) ∩ Sp2g(Ẑ) = Sp2g(Ẑ), where Qcyc is the cyclotomic extension of Q.
The group ρA(GQab) is the commutator subgroup of GSp2g(Ẑ), where Q
ab is the maximal abelian
extension of Q. By the Kronecker-Weber theorem, we have Qab = Qcyc and hence the commutator
subgroup of GSp2g(Ẑ) is equal to Sp2g(Ẑ). In particular, the commutator subgroup of GSp2g(Z/nZ)
is Sp2g(Z/nZ) for all n ≥ 2. However, when g ∈ {1, 2}, the group GSp2g(Z/2Z) = Sp2g(Z/2Z) is
solvable and hence its commutator is a proper subgroup of Sp2g(Z/2Z).
Now suppose that A is the Jacobian of a hyperelliptic curve X/Q (of genus g ≥ 3). We have
ρA(GQ) = GSp2g(Ẑ) and hence ρA,2(GQ) = GSp2g(F2) = Sp2g(F2). Let P1, . . . , P2g+2 ∈ X(Q)
be the Weierstrass points of X; they are the points fixed by the hyperelliptic involution. Let K
be the smallest extension of Q for which all the points P1, . . . , P2g+2 lie in X(K). The extension
K/Q is Galois and the group Gal(K/Q) is isomorphic to a subgroup of S2g+2. One can show that
the 2-torsion subgroup of A(Q) is generated by the points represented by the divisors Pi − Pj .
Therefore, ρA,2(Gal(Q/K)) = {I} and hence∏g
i=1
(
22i−1(22i − 1)) = |Sp2g(F2)| = |ρA,2(GQ)| ≤ [K : Q] ≤ (2g + 2)!.
Proceeding by induction on g, one can check that this inequality fails for all g ≥ 3. Therefore, ρA
is not surjective. 
The case g = 1 of Proposition 2.5 was first observed by Serre [Ser72, Prop. 22].
Proposition 2.5 need not hold over a general number field when g ∈ {1, 2}. For example, Grecius
[Gre10] found an explicit elliptic curve E/k, with k a cubic extension of Q, such that ρE(Gal(k/k)) =
GL2(Ẑ).
3. Good primes
Define the set of primes
S := {7, 11, 83};
these are the primes for which C/Q, and hence J , has bad reduction, cf. Lemma 3.1.
3.1. Singularities. Let C be the subscheme of P2Z defined by the equation (1.1). For each ring R,
let CR be the scheme over SpecR obtained by base extending C to R. The curve C/Q is of course
CQ. Let Qunp be the maximal unramified extension of Qp in Qp and let Zunp be its local ring. The
residue field of Zunp is an algebraic closure Fp of Fp.
Lemma 3.1.
(i) For any prime p /∈ S, the curve C/Q has good reduction at p. Moreover, CZp → SpecZp is
smooth and proper.
(ii) Take any prime p ∈ S. The morphism
CZunp → SpecZunp
is smooth away from a finite set Σ of points that lie in the special fiber CFp . The points in Σ
are all ordinary double points of CFp. We have |Σ| = 1 if p ∈ {7, 11} and |Σ| = 2 otherwise.
For each P ∈ Σ, the completion of the local ring of CZunp at P is isomorphic as a Zunp -
algebra to Zunp [[x, y]]/(xy + p).
Proof. Let f(x, y, z) be the polynomial on the left hand side of (1.1). Define the polynomial
g(x, y, z) := f(x− 69y − 1389z, y − 64z, z). Since f(x, y, z) = g(x+69y +5805z, y +64, z), there is
no harm in assuming instead that C is the subscheme of P2Z defined by g(x, y, z) = 0.
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Let I be the the ideal of Z[x, y, z] generated by g and the partial derivatives gx, gy and gz. Let
I ′ be the saturation of I (with respect to the irrelevant ideal of Z[x, y, z]). One can show, as in the
following Magma code, that
I ′ =
(
6391, x, 83y, y2 + 11yz + 616z2
)
.
R<x,y,z>:=PolynomialRing(Integers(),3);
f:=x^3*y-x^2*y^2+x^2*z^2+x*y^3-x*y*z^2-x*z^3-y^4+y^3*z-y^2*z^2-y*z^3;
g:=Evaluate(f,[x-69*y-1389*z,y-64*z,z]);
I:=ideal<R|[g,Derivative(g,x),Derivative(g,y),Derivative(g,z)]>;
Saturation(I) eq ideal<R|[6391,x,83*y,y^2+11*y*z+616*z^2]>;
That the primes divisors of 6391 are the elements of S is enough to show that C is smooth away
from the fibers over the primes p ∈ S. Part (i) is an immediate consequence.
From our description of I ′, we find that the only singular points of C are:
• the point (0 : 0 : 1) in the fiber CF7 ,
• the point (0 : 0 : 1) in the fiber CF11 ,
• the points (0 : 32 : 1) and (0 : 40 : 1) in the fiber CF83 .
Take any singular point P of C. Take a prime p ∈ S and integer y0 ∈ {0, 32, 40} such that P is
the image of (0 : y0 : 1) modulo p. Define the polynomial
F (x, y) := g(x, y + y0, 1) ∈ Z[x, y].
The completion of the local ring of CZunp at P is thus isomorphic to Zunp [[x, y]]/(F (x, y)).
It is straightforward to check that in Z[x, y], we have
F (x, y) ≡ a+ a1x+ a2y +Q(x, y) (mod (x, y)3)
where is Q(x, y) ∈ Z[x, y] is a quadratic form whose image in Fp[x, y] is also non-degenerate, and
a ≡ a1 ≡ a2 ≡ 0 (mod p) with a 6≡ 0 (mod p2).
Proposition 2.4 of [FK88, III] shows that we have an isomorphism of Zp-algebras
Zp[[x, y]]/(F (x, y)) ∼= Zp[[x, y]]/(Q′(x, y) + b),
where Q′(x, y) ∈ Zp[x, y] is a quadratic form whose image in Fp[x, y] is non-degenerate and b ∈ Zp.
More precisely, the proof of Proposition 2.4 of [FK88, III] shows that there are α1, α2 ∈ pZp and
h1, h2 ∈ (x, y)3 ⊆ Zp[[x, y]] such that F (x+α1+h1, y+α2+h2) is of the desired form Q′(x, y)+ b;
hence b has p-adic valuation 1 since a has p-adic valuation 1 and a1, a2, α2, α2 ∈ pZp.
Since Zunp is strictly Henselian, there is a matrix A ∈ GL2(Zunp ) such that Q′(A1,1x+A1,2y,A2,1x+
A2,2y) = xy, cf. Proposition 2.2 of [FK88, III]. We deduce that the completion of the local ring
of CZunp is isomorphic as a Zunp -algebra to Zunp [[x, y]]/(xy + b). After replacing x by itself times an
appropriate unit of Zunp , we may further assume that b = p. 
3.2. Frobenius polynomials. Now take any prime p /∈ S. Let Cp be the curve in P2Fp defined by
(1.1). By Lemma 3.1, we find that Cp/Fp is a smooth projective curve of genus 3. The abelian
variety J thus has good reduction modulo p and its reduction Jp/Fp is equal to the Jacobian of Cp.
We take Pp(T ) to be the polynomial PJp(T ) from §2.3; it is monic with integer coefficients and
has degree 6. From §2.3, we find that for each prime ℓ 6= p, we have
det(TI − ρJ,ℓ(Frobp)) ≡ Pp(T ) (mod ℓ).
Using (2.2), we find that
Pp(T ) = T
6 + apT
5 + bpT
4 + cpT
3 + pbpT
2 + p2apT + p
3
for unique integers ap, bp and cp.
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We have computed Pp(T ) for a few small primes p /∈ S.
P2(T ) = T
6 + 3T 5 + 6T 4 + 9T 3 + 12T 2 + 12T + 8
P3(T ) = T
6 + T 5 + 2T 4 + 3T 3 + 6T 2 + 9T + 27
P5(T ) = T
6 + 4T 5 + 10T 4 + 17T 3 + 50T 2 + 100T + 125
P17(T ) = T
6 + 2T 5 + 9T 4 + 120T 3 + 153T 2 + 578T + 4913
P19(T ) = T
6 + 4T 5 + 18T 4 + 91T 3 + 342T 2 + 1444T + 6859
P23(T ) = T
6 + 5T 5 + 19T 4 + 53T 3 + 437T 2 + 2645T + 12167
P41(T ) = T
6 + 42T 4 − 212T 3 + 1722T 2 + 68921
P43(T ) = T
6 + 3T 5 − T 4 − 43T 3 − 43T 2 + 5547T + 79507
P73(T ) = T
6 − 4T 5 − 43T 4 + 581T 3 − 3139T 2 − 21316T + 389017
One way to compute Pp(T ) is by using the zeta function interpretation in §2.3. After computing
|Cp(F)|, |Cp(Fp2)| and |Cp(Fp3)|, one can determine ap, bp and cp (and hence Pp(T )) from the
congruence
1 + apT + bpT
2 + cpT
3 ≡ (1− T )(1− pT ) exp
( 3∑
m=1
|Cp(Fpm)| · Tm/m
)
mod T 3.
The above explicit polynomials Pp(T ) have been computed using the follow Magma code:
Pol<T>:=PolynomialRing(Rationals());
for p in [2,3,5,17,19,23,41,43,73] do
P2<x,y,z>:=ProjectiveSpace(GF(p),2);
f:=x^3*y-x^2*y^2+x^2*z^2+x*y^3-x*y*z^2-x*z^3-y^4+y^3*z-y^2*z^2-y*z^3;
Cp:=Curve(P2,f);
P:=Pol!LPolynomial(Cp);
print T^6*Evaluate(P,1/T);
end for;
3.3. Maximal image modulo 2. We now show that ρJ,2 is surjective.
Lemma 3.2. We have ρJ,2(GQ) = GSp6(F2).
Proof. Define G := ρJ,2(GQ); it is a subgroup of GSp6(F2) = Sp6(F2). Consider an odd prime
p /∈ S and let fp(x) ∈ F2[x] be the reduction of Pp(x) modulo 2. Assume that fp(x) is separable
and hence it is also the minimal polynomial of gp := ρJ,2(Frobp). Therefore, the order of gp
is the smallest integer np ≥ 1 for which fp(x) divides xn − 1 ∈ F2[x]. From §3, we find that
f23(x) = x
6 + x5 + x4 + x3 + x2 + x+ 1 and f73(x) = (x
2 + x+ 1)(x4 + x3 + x2 + x+ 1). One can
then check that n23 = 7 and n73 = 15, and thus G contains elements of order 7 and 15.
A computation shows that Sp6(F2) has no maximal subgroups with elements of order 7 and 15;
therefore, G = Sp6(F2). Moreover, any maximal subgroup of G that has order divisible by 7 · 15
is isomorphic to S8 and hence has no element of order 15 (this can be easily deduced from the
description of maximal subgroups of Sp6(F2) in [CCN
+85, p.46]). 
4. Inertia at bad primes
For a prime p ∈ S, let Ip be an inertia subgroup of GQ at the prime p. The goal of this section
is to prove the following using the Picard-Lefschetz formula.
Proposition 4.1. For primes p ∈ S and ℓ 6= p, the group ρJ,ℓ(Ip) is cyclic of order ℓ. If p ∈ {7, 11},
then ρJ,ℓ(Ip) is generated by a transvection.
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Fix a prime p ∈ S. Set R = Zunp and let K = Qunp be its quotient field. Fix an algebraic closure
K of K. With a choice of embedding Q →֒ K, the restriction map gives an injective homomorphism
GK := Gal(K/K) →֒ GQ that we can view as an inclusion. The group GK is then conjugate to Ip
in GQ.
Fix a prime ℓ 6= p. So to prove Proposition 4.1, we need only consider the action of GK on
J [ℓ] ⊆ J(K). Define the Fℓ-vector space V := H1(CK ,Fℓ); for background on e´tale cohomology,
see [Mil80], [FK88] or [Del77]. There is a natural action of GK on V that we can express in terms
of a representation
ρ : GK → Aut(V ).
Let Fℓ(1) be the group of ℓ-th roots of unity in K and let Fℓ(−1) be the Fℓ-dual of Fℓ(1). Evaluation
gives a natural isomorphism Fℓ(1)⊗Fℓ Fℓ(−1) = Fℓ.
One knows that J [ℓ] is isomorphic to the e´tale cohomology group H1(CK ,Fℓ(1)) as an Fℓ[GK ]-
module. The group GK acts trivially on Fℓ(1) since ℓ 6= p, so J [ℓ] and V are isomorphism Fℓ[GK ]-
modules. Therefore, ρ and ρJ,ℓ|GK are isomorphic representations. It thus suffices to prove that
ρ(GK) is a group of order ℓ and that it is generated by a transvection when p ∈ {7, 11}.
We have an alternating pairing
〈 , 〉 : V × V ∪−→ H2(CK ,Fℓ ⊗Fℓ Fℓ) = H2(CK ,Fℓ)
∼−→ Fℓ(−1),
where we are composing the cup product and trace map. The GK-action on V respects the pair-
ing 〈 , 〉, i.e., 〈σ(v), σ(w)〉 = σ(〈v,w〉) = 〈v,w〉 for all σ ∈ GK and v,w ∈ V . The pairing 〈 , 〉 is
non-degenerate (after taking Tate twists, we can identify this pairing with the Weil pairing on J [ℓ]).
The morphism CR → SpecR is a proper and flat morphism of relative dimension 1. From
Lemma 3.1(ii), we know that CK is smooth and that CFp is smooth away from a finite set Σ of
ordinary double points.
The Picard-Lefschetz formula (see [SGA7-II, XV The´ore`me 3.4]) shows that there are non-zero
and pairwise orthogonal vanishing cycles {δx}x∈Σ in V such that for v ∈ V and σ ∈ GK , we have
σ(v) = v −
∑
x∈Σ
εx(σ)〈v, δx〉 · δx,
where εx : GK → Fℓ(1) is a certain homomorphism and where we view εx(σ)〈v, δx〉 as an element
of Fℓ(1)⊗Fℓ Fℓ(−1) = Fℓ.
Let ε : GK → Fℓ(1) be the surjective homomorphism that satisfies σ( ℓ√p) = ε(σ) ℓ√p for all
σ ∈ GK . From Lemma 3.1(ii), we find that the completion of the local ring of CR at a point x ∈ Σ
is isomorphic as an R-algebra to R[[x, y]]/(xy + p). From [SGA7-II, XV §3.3], we find that εx = ε
(in general, you would need to raise ε to some power). Therefore,
σ(v) = v −
∑
x∈Σ
ε(σ)〈v, δx〉 · δx(4.1)
for v ∈ V and σ ∈ GK . The representation ρ thus factors through the order ℓ group Gal(K( ℓ√p)/K).
Therefore, ρ(GK) is a group of order 1 or ℓ. Since ε 6= 1 and v 7→ 〈v, δx〉 is non-trivial, we deduce
from (4.1) that ρ(GK) is a non-trivial group and hence is a cyclic of order ℓ.
Now suppose that p ∈ {7, 11}. Fix any σ0 ∈ GK with ρ(σ0) 6= 1. It remains to prove that ρ(σ0)
is a transvection. Since ρ(σ0) 6= 1 has order ℓ, it suffices to prove that σ0 fixes an Fℓ-subspace of V
of dimension dimFℓ V − 1. Since p ∈ {7, 11}, we have |Σ| = 1 by Lemma 3.1(ii). We thus have
σ0(v) = v − ε(σ0)〈v, δx〉 · δx,(4.2)
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where x is the unique element of Σ. Let W be the subspace of V consisting of v ∈ V for which
〈v, δx〉 is trivial; it has Fℓ-dimension dimFℓ V − 1 since the pairing is non-degenerate and δx 6= 0.
By (4.2), we deduce that σ0(v) = v for all v ∈W . This completes the proof of Proposition 4.1.
5. Inertia at ℓ
Fix an odd prime ℓ /∈ S and let Iℓ be any inertia subgroup of GQ = Gal(Q/Q) at the prime ℓ.
In this section, we give some information on how Iℓ acts on J [ℓ].
We first need to recall some background on tame inertia groups and tame inertia weights, see
§1 of [Ser72] for more details. Let P ⊆ Iℓ be the wild inertia subgroup of Iℓ; it is the largest pro-ℓ
subgroup of Iℓ. The quotient I
t
ℓ := Iℓ/P is the tame inertia group for the prime ℓ. For an integer
d ≥ 1 relatively prime to ℓ, let µd be the d-th roots of unity in Q. The map
θd : Iℓ → µd, σ 7→ σ( d
√
ℓ)/
d
√
ℓ
is a surjective homomorphism which factors through Itℓ . Taking the inverse limit over all d relatively
prime to ℓ (ordered by divisibility), we obtain an isomorphism
Itℓ
∼−→ lim←−d µd.
By composing the homomorphism θd with reduction modulo a place of Q lying over ℓ, we obtain a
character Itℓ → F
×
ℓ . For an integer m ≥ 1, setting d := ℓm − 1 gives a surjective character
φ : Itℓ → F×ℓm.
The fundamental characters of level m are the m characters Itℓ → F×ℓm obtained by composing φ
with the isomorphisms of F×ℓm arising from field automorphisms of Fℓm; they are φ, φ
ℓ, . . . , φℓ
m−1
.
Let V be an irreducible Fℓ[Iℓ]-module and set m := dimFℓ(V ). There is then an isomorphism
V ∼= Fℓm of Fℓ-vector spaces such that the induced character
Iℓ → AutFℓ(V ) ∼= AutFℓ(Fℓm)
has image in F×ℓm, where the first map gives the action of Iℓ on V (here we use scalar multiplication
to identify F×ℓm with a subgroup of AutFℓ(Fℓm)). This representation arising from V thus factors
through a character α : Itℓ → F×ℓm . Given a fundamental character φ : Itℓ → F×ℓm of level m, there
are unique integers 0 ≤ e1, . . . , em ≤ ℓ− 1 such that
(5.1) α = φe1+e2ℓ+···+emℓ
m−1
.
The integers e1, . . . , em are called the tame inertia weights of V .
Let V be an Fℓ[Iℓ]-module with V a finite dimensional Fℓ-vector space. Let V1, . . . , Vr be the
composition factors of V as an Fℓ[Iℓ]-module. An integer is a tame inertia weight for V if it is a
tame inertia weight for at least one of the Vi.
We now consider the representations occurring in this paper.
Proposition 5.1. Fix an odd prime ℓ /∈ S. The only possible tame inertia weights for the Fℓ[Iℓ]-
module J [ℓ] are 0 and 1.
Proof. This follows from work of Raynaud, cf. [Ray74, Corollaire 3.4.4]. One could also deduce this
from [Car08]. 
The following lemma gives some consequences of Proposition 5.1 that we will use later. Recall
that χℓ : GQ → F×ℓ was defined in §2.2.
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Lemma 5.2. Fix an odd prime ℓ /∈ S and let V be any composition factor of the Fℓ[Iℓ]-module
J [ℓ]. Set m := dimFℓ V and let ρ : Iℓ → AutFℓ(V ) be the representation describing the Iℓ-action.
(i) We have det ◦ρ = χeℓ |Iℓ for some integer 0 ≤ e ≤ m.
(ii) If H is a closed subgroup of Iℓ satisfying [Iℓ : H] < ℓ− 1, then ρ|H is irreducible.
Proof. We first prove (i). As noted above, ρ gives rise to a character α : Itℓ → F×ℓm of the form (5.1)
with φ a fundamental character of level m and 0 ≤ e1, . . . , em ≤ ℓ− 1. By Proposition 5.1, we have
e1, . . . , em ∈ {0, 1}.
The character det ◦ρ : Iℓ → F×ℓ factors through N ◦α : Itℓ → F×ℓ , where N := NFℓm/Fℓ : F×ℓm → F×ℓ
is the norm map. Therefore,
N ◦ α = (N ◦ φ)e1+e2ℓ+···+emℓm−1 = (N ◦ φ)e1+...+em ,
where we have used that N ℓ = N . We have 0 ≤ e1 + . . . + em ≤ m, so it suffices to prove that
N ◦ φ = χℓ|Iℓ . We have N ◦ φ = φ1+ℓ+...+ℓ
m−1
which one can check is the (unique) fundamental
character of level 1. Part (i) follows by noting that the fundamental character of level 1 is χℓ|Iℓ ,
cf. [Ser72, Prop. 8].
We now prove (ii). Set T := F×ℓm and define the representation
β : T → F×ℓm ⊆ AutFℓ(Fℓm), x 7→ xe1+e2ℓ+···+emℓ
m−1
.
The representation ρ is isomorphic to the one obtained by composing the surjective character
Iℓ → Itℓ
φ−→ T with β. The representation β is irreducible since V is an irreducible Fℓ[Iℓ]-module.
Let H be any closed subgroup of Iℓ satisfying [Iℓ : H] < ℓ − 1. The subgroup S := φ(H) of T
then satisfies [T : S] < ℓ− 1.
We can now use the rigidity of tori as described by Hall in [Hal11]. In the language of [Hal11, §2],
the amplitude of β is max{ei} which in our case is 0 or 1. Lemma 3 of [Hal11] and our condition
[T : S] < ℓ− 1 implies that β(T ) and β(S) have the same centralizer in AutFℓ(Fℓm).
Suppose that β|S : S → AutFℓ(Fℓm) is reducible. Since ℓ ∤ |S|, we have Fℓm = W1 ⊕W2, where
W1 and W2 are non-zero Fℓ-subspaces fixed under the action of S. Take A ∈ AutFℓ(Fℓm) such that
A(w) = w for w ∈W1 and A(w) = −w for w ∈W2. Since A commutes with β(S), we deduce that
it also commutes with β(T ). For any B ∈ β(T ) and w ∈ W1, we have A(Bw) = B(Aw) = Bw.
Therefore, B(W1) ⊆W1 for all B ∈ β(T ) which contradicts that β is irreducible.
Therefore, the representation β|S , and hence also ρ|H , is irreducible. 
6. Irreducibility
For a prime ℓ, the Fℓ-vector space J [ℓ] has dimension 6 and comes with a natural GQ-action.
The goal of this section is to prove the following:
Proposition 6.1. For every odd prime ℓ, the Fℓ[GQ]-module J [ℓ] is irreducible.
Suppose that there is an odd prime ℓ such that J [ℓ] is a reducible Fℓ[GQ]-module; we will try to
obtain a contradiction. We first exclude a few possibilities for ℓ.
Lemma 6.2. We have ℓ /∈ {3, 5, 7, 11, 41, 83}.
Proof. For one of the given primes ℓ ∈ {3, 5, 7, 11, 41, 83}, it suffices to show that there is a prime
p /∈ S ∪ {ℓ} such that Pp(T ) is irreducible modulo ℓ.
We have computed Pp(T ) for several small p, cf. §3. The polynomial P17(x) is irreducible modulo
3. The polynomial P41(x) is irreducible modulo 5. The polynomial P2(x) is irreducible modulo 7,
11 and 41. The polynomial P19(x) is irreducible modulo 83. 
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For the rest of this section, we may thus assume that ℓ is odd and ℓ /∈ {3, 5, 7, 11, 41, 83}. In
particular, ℓ /∈ S.
Let V1, . . . , Vr be the composition factors of J [ℓ] as an Fℓ[GQ]-module; the semisimplification of
J [ℓ] as an Fℓ[GQ]-module is then isomorphic to V1⊕· · ·⊕Vr. We have r ≥ 2 since J [ℓ] is a reducible
Fℓ[GQ]-module by assumption.
Let
ρi : GQ → AutFℓ(Vi)
be the Galois representation corresponding to Vi. Define di = dimFℓ Vi. We may assume that the
Vi have been numbered so that d1 ≤ · · · ≤ dr. We have
∑
i di = 6, so d1 ∈ {1, 2, 3, 6}. We have
r ≥ 2, so d1 ∈ {1, 2, 3}.
We will rule out the three cases d1 ∈ {1, 2, 3} separately in §§6.2–6.4. This contradiction will
imply that J [ℓ] = V1 is an irreducible Fℓ[GQ]-module.
6.1. Determinants. Fix a finite dimensional Fℓ-vector space W with an action of GQ given by a
representation ρ : GQ → AutFℓ(W ). Let W∨ to be the dual vector space of W and let ρ∗ : GQ →
AutFℓ(W
∨) be the contragredient representation, i.e., ρ∗(σ) is the transpose of ρ(σ−1). Let W∨(1)
be the vector space W∨ where GQ acts via the representation χℓ · ρ∗.
Since the pairing J [ℓ] × J [ℓ] → µℓ coming from the Weil pairing and the natural principal
polarization of J is non-degenerate, we find that J [ℓ] and J [ℓ]∨(1) are isomorphic Fℓ[GQ]-modules.
Therefore, the Fℓ[GQ]-modules V1, . . . , Vr are isomorphic to V
∨
1 (1), . . . , V
∨
r (1), though possibly in
a different order.
The following lemma constrains the possibilities for the characters det ◦ρi : GQ → F×ℓ .
Lemma 6.3.
(i) For each 1 ≤ i ≤ r, there is a unique integer 0 ≤ ei ≤ di such that det ◦ρi = χeiℓ .
(ii) We have
∑r
i=1 ei = 3.
(iii) We have {e1, . . . , er} = {d1 − e1, . . . , dr − er}.
(iv) If V ∨i (1)
∼= Vi, then di is even and ei = di/2.
Proof. Fix an integer 1 ≤ i ≤ r. The semi-simplification of Vi as an Fℓ[Iℓ]-module is of the form
Wi,1 ⊕ · · · ⊕Wi,s, where Wi,j is an irreducible Fℓ[Iℓ]-module. By Lemma 5.2(i), the determinant of
the action of Iℓ onWi,j is a character Iℓ → F×ℓ equal to χ
ei,j
ℓ |Iℓ for some integer 0 ≤ ei,j ≤ dimFℓ Wi,j.
Therefore,
(6.1) (det ◦ρi)|Iℓ =
s∏
j=1
χ
ei,j
ℓ |Iℓ = χeiℓ |Iℓ ,
where ei :=
∑s
j=1 ei,j. We have 0 ≤ ei ≤
∑s
j=1 dimFℓ Wi,j = dimFℓ Vi = di. Define the character
αi := (det ◦ρi) · χ−eiℓ : GQ → F×ℓ .
The representation ρJ,ℓ, and hence also αi, is unramified at all primes p /∈ S ∪ {ℓ}. Since the order
of F×ℓ is relatively prime to ℓ, Proposition 4.1 implies that αi is also unramified at the primes p ∈ S.
The character αi is unramified at the prime ℓ by (6.1). We thus have αi = 1 since αi : GQ → F×ℓ is
unramified at all primes and Q has no non-trivial extensions unramified at all primes. Therefore,
det ◦ρi = χeiℓ .
This proves the existence of ei in (i); it remains to prove the uniqueness. Take any integer
0 ≤ f ≤ di such that det ◦ρi = χfℓ . We thus have χf−eiℓ = 1 and hence f − ei ≡ 0 (mod ℓ− 1) since
χℓ has order ℓ − 1. We have di ≤ 3 since r ≥ 2, so |f − ei| ≤ 3. Since |f − ei| ≤ 3 < ℓ − 1 and
f − ei ≡ 0 (mod ℓ− 1), we must have f = ei.
We now prove part (ii). Since det(ρJ,ℓ(Frobp)) ≡ Pp(0) = p3 (mod ℓ) for all p /∈ S ∪ {ℓ}, we
have det ◦ρJ,ℓ = χ3ℓ . Therefore, χ3ℓ =
∏r
i=1 det ◦ρi = χeℓ, where e :=
∑r
i=1 ei. We have 3 − e ≡ 0
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(mod ℓ− 1) since χ3−eℓ = 1 and χℓ has order ℓ − 1. We have |3 − e| ≤ 3 since 0 ≤ e ≤
∑
i di = 6.
Since 3− e ≡ 0 (mod ℓ− 1) and |3− e| ≤ 3 < ℓ− 1, we conclude that e = 3 which proves (ii).
We now prove part (iii). Fix an integer 1 ≤ i ≤ r. The representation GQ → AutFℓ(V ∨i ),
σ 7→ χℓ(σ) · ρ∗i (σ) is isomorphic to V ∨i (1) and its determinant is given by
GQ → F×ℓ , σ 7→ det(χℓ(σ)ρ∗i (σ)) = χℓ(σ)di det(ρi(σ−1)) = χℓ(σ)di−ei .
We noted above that the Fℓ[GQ]-modules V1, . . . , Vr are isomorphic to V
∨
1 (1), . . . , V
∨
r (1) though
possibly in a different order. Therefore, {χe1ℓ , . . . , χerℓ } = {χd1−e1ℓ , . . . , χdr−erℓ }. The uniqueness in
part (i) implies that {e1, . . . , er} = {d1 − e1, . . . , dr − er}.
It remains to prove part (iv). If Vi ∼= V ∨i (1), then the computation above shows that det ◦ρi
is equal to both χeiℓ and χ
di−ei
ℓ . Therefore, ei = di − ei by the uniqueness in part (i) and hence
di = 2ei. 
6.2. One-dimensional case. Suppose that d1 = 1. The Galois action on V1 is described by
the character ρ1 : GQ → AutFℓ(V1) = F×ℓ . So for any prime p /∈ S ∪ {ℓ}, ρ1(Frobp) is a root of
Pp(T ) ≡ det(TI − ρJ,ℓ(Frobp)) (mod ℓ). The character ρ1 is 1 or χℓ by Lemma 6.3(i), so Pp(1) ≡ 0
(mod ℓ) or Pp(p) ≡ 0 (mod ℓ).
With p = 2 and using the polynomial P2(T ) from §3, we find that P2(1) = 3 · 17 and P2(2) =
23 · 3 · 17. Therefore, ℓ ∈ {3, 17}. However, this contradicts Lemma 6.2.
This completes our proof that the case d1 = 1 does not occur.
6.3. Two-dimensional case. Suppose that d1 = 2.
Lemma 6.4. We have di = 2 and det ◦ρi = χℓ for some 1 ≤ i ≤ r.
Proof. Since d1 = 2, we either have r = 3 with d1 = d2 = d3 = 2 or r = 2 with d1 = 2 and d2 = 4.
If r = 3, then Lemma 6.3(i) and (ii) imply that ei = 1 for some 1 ≤ i ≤ 3 and hence di = 2
and det ◦ρi = χℓ. So suppose that r = 2 and hence (d1, d2) = (2, 4). Lemma 6.3(iii) implies that
{e1, e2} = {2 − e1, 4 − e2} and this can only hold if e1 = 1 and e2 = 2. Therefore, d1 = 2 and
det ◦ρ1 = χℓ. 
After possibly renumbering the Vi, we may assume by Lemma 6.4 that
ρ1 : GQ → AutFℓ(V1) ∼= GL2(Fℓ)
has determinant χℓ. The following lemma uses Serre’s conjecture to relate ρ1 to a newform of
weight 2 and bounded level.
Lemma 6.5. There exists a newform f = q+
∑
n≥2 an(f)q
n ∈ S2(Γ0(N)) with N dividing 7·11·83 =
6391 and a maximal ideal λ of the ring of integers of the number field Q(an(f)) such that
tr(ρ1(Frobp)) ≡ ap(f) (mod λ)
for all primes p /∈ S ∪ ℓ.
Proof. The 2-dimensional representation ρ1 is irreducible and is also odd since det ρ1 = χℓ. Serre’s
conjecture [Ser87], proved by Khare and Wintenberger [KW09, KW09b], implies that the repre-
sentation ρ1 is isomorphic to one arising from some newform f . Moreover, the newform f =
q +
∑
n≥2 an(f)q
n can be found in Sk(Γ1(N)) with prescribed weight k and level N . Let K be the
subfield of C generated by the Fourier coefficients of f ; it is a number field. Let ε : (Z/NZ)× → K×
be the nebentypus of f . There is thus a maximal ideal λ of the ring of integers of K such that
det(xI − ρ1(Frobp)) ≡ x2 − ap(f)x+ ε(p)pk−1 (mod λ)
for all primes p ∤ Nℓ.
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Let us compute the weight k. Suppose that ρ1|Iℓ is reducible. The semisimplification of ρ1|Iℓ
is then given by two characters ϕ1, ϕ2 : I
t
ℓ → F×ℓ . By Proposition 5.1, each ϕi is either 1 or the
fundamental character of level 1. Since the fundamental character of level 1 is χℓ|Iℓ , cf. [Ser72,
Prop. 8] and det ◦ρ1 = χℓ, we deduce that {ϕ1, ϕ2} = {1, χℓ|Iℓ}. In the notation of §2.3 of [Ser87],
we have a = 0 and b = 1, and hence k = 1 + ℓa+ b = 2.
Now suppose that ρ1|Iℓ is irreducible. As explained in §5 (and using Proposition 5.1), ρ1|Iℓ factor
through Itℓ and is then isomorphic to a representation of the form
Itℓ
φe1+e2ℓ−−−−−→ F×
ℓ2
⊆ AutFℓ(Fℓ2),
where φ : Itℓ → F×ℓ2 is a fundamental character of level 2 and 0 ≤ e1, e2 ≤ 1. We have {e1, e2} = {0, 1}
since otherwise φe1+e2ℓ would have image in F×ℓ which would contradict the irreducibility of ρ1|Iℓ .
Therefore, the Itℓ-action on V1⊗FℓFℓ2 is diagonalizable and is given by the characters φ, φℓ : Itℓ → F×ℓ2 .
In the notation of §2.2 of [Ser87], we may take a = 0 and b = 1, and hence k = 1 + ℓa+ b = 2.
We now consider the level N . The representation ρJ,ℓ, and hence also ρ1, is unramified at all
primes p /∈ S∪{ℓ}. Take any p ∈ S; we have p 6= ℓ by Lemma 6.2. Let V Ip1 be the subspace of V1 fixed
by Ip. From [Ser87, §1.2], the Artin conductor of ρ1 is N :=
∏
p∈S p
np where np = dimFℓ V1/V
Ip
1 ;
there is no wild ramification since the cardinality of ρJ,ℓ(Ip) is not divisible by p by Lemma 4.1.
Since ρJ,ℓ(Ip) is a group of order ℓ by Lemma 4.1, the group ρ1(Ip) has order 1 or ℓ. If ρ1(Ip) has
order 1, then np = 0. If ρ1(Ip) has order ℓ, then it is conjugate in AutFℓ(V1)
∼= GL2(Fℓ) to the
group generated by ( 1 10 1 ). In this last case, we have np = 1. This completes the proof that N
divides 7 · 11 · 83 = 6391.
Finally, it remains to show that f ∈ S2(Γ1(N)) actually lies in S2(Γ0(N)); equivalently, that the
nebentypus ε is trivial. Let µ be the image of ε; it is a finite group of roots of unity in K.
With O the ring of integers of K, the kernel of the reduction modulo λ homomorphism µ →
(O/λ)× is an ℓ-group. For any p /∈ S∪{ℓ}, the equality det ◦ρ1 = χℓ implies that ε(p)p ≡ χℓ(p) = p
(mod λ) and hence ε(p) ≡ 1 (mod λ). Therefore, µ is an ℓ-group. Since |µ| divides the cardinality
of (Z/NZ)× ∼= (Z/7Z)× × (Z/11Z)× × (Z/83Z)×, we deduce that µ = 1 or ℓ ∈ {3, 5, 41}. We have
ℓ /∈ {3, 5, 41} by Lemma 6.2, so µ = 1 and hence ε = 1. 
Take any prime p /∈ S ∪ {ℓ}.
Let Hp(x) be the characteristic polynomial of the Hecke operator Tp acting on S2(Γ0(6391)); it
is monic with integer coefficients. Take f and λ as in Lemma 6.5. Since p ∤ 6391, there is a cusp
form f ′ ∈ S2(Γ0(6391)) such that Tp(f ′) = ap(f)f ′; we can take f ′ to be an oldform if N properly
divides 6391. Therefore, Hp(ap(f)) = 0 and in particular Hp(ap(f)) ≡ 0 (mod λ). Lemma 6.5 then
implies that tr(ρ1(Frobp)) ∈ Fℓ is a root of Hp(x).
Let Pp(T ) be the polynomial from §3. Define the polynomial Qp(x) :=
∏
α(x−α), where α runs
over the values λ + p/λ with λ ∈ Q being a root of Pp(x). The polynomial Qp(x) is monic with
integer coefficients. Since det(ρ1(Frobp)) = χℓ(Frobp) ≡ p (mod ℓ), we have tr(ρ1(Frobp)) = λ+p/λ
for some root λ ∈ Fℓ of Pp(T ). Therefore, tr(ρ1(Frobp)) ∈ Fℓ is a root of Qp(x) modulo ℓ.
A computation show that Q2(x) = x
3 + 3x2 − 3 for Q5(x) = x3 + 4x2 − 5x − 23. For example,
the following code gives Q2(x); one could also compute Q2(x) using approximations for the roots
of P2(T ) in C and use that Q2(x) has integer coefficients.
_<T>:=PolynomialRing(Rationals());
p:=2; P:=T^6+3*T^5+6*T^4+9*T^3+12*T^2+12*T+8;
K:=SplittingField(P); Pol<x>:=PolynomialRing(K);
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&*[x-a : a in {r[1]+p/r[1]: r in Roots(Pol!P)}];
Let rp be the resultant of Hp(x) and Qp(x); it is an integer. Since tr(ρ1(Frobp)) ∈ Fℓ is a common
root of Hp(x) and Qp(x), we deduce that ℓ divides rp.
The Magma code below shows that the greatest common divisor of r2 and r5 is 3
16.
Pol<x>:=PolynomialRing(Rationals());
S:=CuspForms(Gamma0(7*11*83),2);
H2:=Pol!HeckePolynomial(S,2);
H5:=Pol!HeckePolynomial(S,5);
r2:=Integers()!Resultant(H2,x^3+3*x^2-3);
r5:=Integers()!Resultant(H5,x^3+4*x^2-5*x-23);
GCD([r2,r5]) eq 3^16;
Since ℓ divides r2 and r5, we must have ℓ = 3. However, this is impossible by Lemma 6.2.
This shows that the case d1 = 2 does not occur.
Remark 6.6. To compute the Hecke polynomials, one could also use modular symbols (in our case,
Magma does this approach much faster). For example, one can compute H2(x) by the code:
M:=CuspidalSubspace(ModularSymbols(7*11*83,2,1));
CharacteristicPolynomial(HeckeOperator(M,2));
We are not using p = 3 in the above computations because r3 = 0.
6.4. Three-dimensional case. Suppose that d1 = 3, and hence r = 2 with d1 = d2 = 3. After
possibly swapping V1 and V2, we may assume by Lemma 6.3 that there is an integer e ∈ {0, 1} such
that det ◦ρ1 = χeℓ .
Lemma 6.7. Take any prime p /∈ S∪{ℓ}. If α, β, γ ∈ Fℓ are the roots of det(xI−ρ1(Frobp)) ∈ Fℓ[x],
then p/α, p/β, p/γ ∈ Fℓ are the roots of det(xI − ρ2(Frobp)).
Proof. With notation as in the beginning of §6.1, the roots of the characteristic polynomial of
ρ∗1(Frobp) in Fℓ[x] are 1/α, 1/β and 1/γ. Therefore, the roots of the characteristic polynomial
of χℓ(Frobp)ρ
∗
1(Frobp) = pρ
∗
1(Frobp) are p/α, p/β and p/γ. It thus suffices to show that V2 and
V ∨1 (1) are isomorphic Fℓ[GQ]-modules. The Fℓ[G]-modules V
∨
1 (1) is isomorphic to V1 or V2. By
Lemma 6.3(iv), we must have V2 ∼= V ∨1 (1). 
Take any prime p /∈ S ∪ {ℓ} and let α, β, γ ∈ Fℓ be the roots of det(xI − ρ1(Frobp)) ∈ Fℓ[x].
Define the values u := α + β + γ and v := αβ + αγ + βγ; they belong to Fℓ. We have αβγ =
det(ρ1(Frobp)) = χℓ(Frobp)
e ≡ pe (mod ℓ).
Using Lemma 6.7 and αβγ = pe, we find that the polynomial Pp(T ) modulo ℓ is equal to
(T − α)(T − β)(T − γ)(T − p/α)(T − p/β)(T − p/γ)
=(T 3 − uT 2 + vT − pe)(T 3 − p1−evT 2 + p2−euT − p3−e)
=T 6 − (p1−ev + u)T 5 + (p2−eu+ p1−euv + v)T 4 − (p3−e + p2−eu2 + p1−ev2 + pe)T 3 + . . . .
With p = 2 and using the coefficients of P2(T ) given in §3, we find that for some e ∈ {0, 1}, there
are u, v ∈ Fℓ such that
21−ev + u = −3, 22−eu+ 21−euv + v = 6, 23−e + 22−eu2 + 21−ev2 + 2e = −9.(6.2)
First consider the case e = 1. The equations (6.2) become
v + u+ 3 = 0, 2u+ uv + v − 6 = 0, 2u2 + v2 + 15 = 0.
Substituting v = −3 − u into the last two equations and using ℓ 6= 3, we obtain u2 + 2u + 9 = 0
and u2 + 2u + 8 = 0. Therefore, 1 = (u2 + 2u + 9) − (u2 + 2u + 8) = 0 − 0 = 0 which gives a
contradiction.
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We thus have e = 0. The equations (6.2) become
2v + u+ 3 = 0, 4u+ 2uv + v − 6 = 0, 4u2 + 2v2 + 18 = 0.
Substituting u = −2v− 3 into the last two equations and using ℓ > 3, we obtain 4v2+13v+18 = 0
and 3v2 + 8v + 9 = 0. Therefore,
0 = 3(4v2 + 13v + 18) − 4(3v2 + 8v + 9) = 7v + 18.
Since ℓ 6= 7, we have v = −18/7. So 0 = 3v2+8v+9 = 345/72 in Fℓ, which is a contradiction since
ℓ > 7.
This shows that the case d1 = 3 does not occur.
7. Primitivity
In this section, we prove the following:
Proposition 7.1. The action of GQ on J [ℓ] is primitive for all odd primes ℓ.
Suppose that there is an odd prime ℓ for which the action of GQ on J [ℓ] is imprimitive. Hence
there is an integer r ≥ 2 and non-zero Fℓ-subspacesW1, . . . ,Wr of J [ℓ] such that J [ℓ] =W1⊕· · ·⊕Wr
and such that
{σ(W1), . . . , σ(Wr)} = {W1, . . . ,Wr}
for all σ ∈ GQ. The GQ-action on the set {W1, . . . ,Wr} must be transitive since GQ acts irreducibly
on J [ℓ] by Proposition 6.1. In particular, dimFℓ Wi is independent of i and hence equals 6/r.
Therefore, r ∈ {2, 3, 6}.
Lemma 7.2. We have ℓ /∈ {3, 5, 7, 11, 83}.
Proof. Suppose ℓ ∈ {3, 5, 7, 11, 83}. We claim that there is a prime p /∈ S ∪ {ℓ} such that the
polynomial Pp(x) = x
6 + apx
5 + bpx
4 + cpx
3 + pbpx
2 + p2apx + p
3 is irreducible in Fℓ[x] and such
that ℓ ∤ ap. From the polynomials given in §3, the claim is true with p = 2 if ℓ ∈ {7, 11}, p = 17 if
ℓ ∈ {3}, p = 19 if ℓ ∈ {83} and p = 43 if ℓ ∈ {5}.
We have tr(ρJ,ℓ(Frobp)) ≡ −ap 6≡ 0 (mod ℓ). The matrix ρJ,ℓ(Frobp) permutes the spaces
W1, . . . ,Wr. The matrix ρJ,ℓ(Frobp) thus stabilizes some Wj since otherwise tr(ρJ,ℓ(Frobp)) = 0.
However, this is impossible since det(xI − ρJ,ℓ(Frobp)) ≡ Pp(x) (mod ℓ) is irreducible. Therefore,
ℓ /∈ {3, 5, 7, 11, 83}. 
The action of GQ on the set {W1, . . . ,Wr} can be expressed as a representation
ϕ : GQ → Sr,
i.e., σ(Wi) =Wϕ(σ)i for 1 ≤ i ≤ r and σ ∈ GQ.
Lemma 7.3. The representation ϕ is unramified at all primes p.
Proof. The representation ϕ factors through ρJ,ℓ. Therefore, ϕ is unramified at all primes p ∈
S ∪ {ℓ}. Suppose that p ∈ S. Since ℓ /∈ S by Lemma 7.2, we have p 6= ℓ and hence ρJ,ℓ(Ip) has
order ℓ by Proposition 4.1. Therefore, ϕ(Ip) has order 1 or ℓ. We have r ≤ 6, so ℓ does not divide
|Sr| = r! by Lemma 7.2. Therefore, ϕ(Ip) = 1.
Finally suppose that p = ℓ and p /∈ S. We have ℓ ∤ |ϕ(Iℓ)| since ℓ ∤ |Sr|. Therefore, ϕ(Iℓ) ⊆ Sr
is cyclic of order at most r ≤ 6 (as noted in §5, the tame inertia group at ℓ is pro-cyclic). Let H
be the kernel of ϕ|Iℓ ; we have [Iℓ : H] = |ϕ(Iℓ)| ≤ 6 < ℓ− 1.
Take any i ∈ {1, . . . , r}. The group H acts on Wi so there is an irreducible H-submodule Wi of
Wi. Define Vi :=
∑
σ∈Iℓ
σ(Wi); it is an irreducible Iℓ-module. Lemma 5.2(ii) and [Iℓ : H] < ℓ− 1
implies that Vi = Wi. For any σ ∈ Iℓ, we have σ(Wi) = Wi ⊆ Wi. Since Iℓ permutes the spaces
W1, . . . ,Wr, we deduce that σ(Wi) = Wi for all σ ∈ Iℓ. Since i was arbitrary, we find that Iℓ acts
on all the spaces Wi and hence ϕ(Iℓ) = 1. 
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Since Q has no non-trivial extensions unramified at all primes, Lemma 7.3 implies that ϕ = 1.
Therefore, σ(Wi) = Wi for all σ ∈ GQ and 1 ≤ i ≤ r. However, this implies that the action of GQ
on J [ℓ] is reducible which contradicts Proposition 6.1. Therefore, the action of GQ on J [ℓ] is in fact
primitive and this completes the proof of Proposition 7.1.
8. Proof of Theorem 1.1
Take any odd prime ℓ. The group ρJ,ℓ(GQ) ⊆ GSp6(Fℓ) contains a transvection by Proposi-
tion 4.1. By Propositions 6.1 and 7.1, the representation ρJ,ℓ is irreducible and primitive. By
Proposition 2.2, we deduce that ρJ,ℓ(GQ) ⊇ Sp6(Fℓ). We also have ρJ,2(GQ) = GSp6(F2) by
Lemma 3.2.
From Proposition 2.1, we can now conclude that ρJ(GQ) = GSp6(Ẑ).
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